Abstract. The so-called 2d/4d correspondences connect two-dimensional conformal field theory (2d CFT), N " 2 supersymmetric gauge theories and quantum integrable systems. The latter in the simplest case of the SU(2) gauge group are nothing but the quantum-mechanical systems. In the present article we summarize our recent results and list open problems concerning an application of the aforementioned dualities in the studies of spectral problems for some Schrödinger operators with Mathieu-type periodic, periodic PT-symmetric and (Heun's) elliptic potentials.
Introduction
They have long been known connections between N " 2 supersymmetric Yang-Mills theories and integrable models. Let us consider perhaps the simplest example of such a relationship, i.e., a link between the SU(2) pure gauge Seiberg-Witten theory and the one-dimensional sine-Gordon model (cf. [1] ). Concretely, the statement here is that the Bohr-Sommerfeld periods ΠpΓq "
2pu´Λ 2 cos ϕq dϕ for the classical sine-Gordon model defined by L sG " 1 2 9 ϕ 2´Λ2 cos ϕ, and for two complementary contours Γ " A, B encircling two turning points˘arccospu{Λ 2 q define the Seiberg-Witten system [2] : a " ΠpAq, BFpaq{Ba " ΠpBq. Here, a is a modulus and Fpaq denotes the Seiberg-Witten prepotential determining the low energy effective dynamics of the four-dimensional N " 2 supersymmetric SU(2) pure gauge theory.
As has been observed in [3] (see also [4, 5] ) the above statement has its 'quantum analogue' or 'quantum extension' which can be formulated as follows. Namely, the monodromies (exact BS periods) r ΠpΓq " ¿ Γ P pϕ, q dϕ, P pϕ, q " P 0 pϕq`P 1 pϕq `P 2 pϕq 2`. . . , .
to the eq.
define the Nekrasov-Shatashvili system [6] : a " r ΠpAq, BWpΛ, a, q{Ba " r ΠpBq. 2 Here, WpΛ, a, q " W pert pΛ, a, q`W inst pΛ, a, q is the effective twisted superpotential of twodimensional SU(2) pure gauge (Ω-deformed) SYM theory defined in [6] as the following NekrasovShatashvili (NS) limit WpΛ, a, q " lim 2 Ñ0
2 log ZpΛ, a, 
The fact that the eigenvalue of the Mathieu operator is given by 3Λ BΛW N f "0,SUp2q is an example of the Bethe/gauge correspondence discovered by Nekrasov and Shatashvili [6] . The Bethe/gauge correspondence maps supersymmetric vacua of the N " 2 theories to Bethe states of some quantum integrable systems (QIS). A result of that duality is that the twisted superpotentials for SU(N) theories are identified with the Yang-Yang (YY) functions which describe spectra of the corresponding N-particle quantum integrable systems. 4 As has been already mentioned the twisted superpotentials are defined as the NS limit of the Nekrasov partition functions. The latter play also a key role in another relation -the celebrated AGT correspondence [11] . Indeed, let C g,n denotes the Riemann surface with genus g and n punctures. A significant part of the AGT conjecture is an exact correspondence between the Virasoro conformal blocks on C g,n and the instanton sectors of the Nekrasov partition functions of certain SU(2) quiver gauge theories belonging to some class S g,n . It turns out that the NS limit of the Nekrasov functions corresponds to the so-called classical limit of conformal blocks [12] . Hence, combining the classical/NS limit of the AGT duality and the Bethe/gauge correspondence one thus gets the triple correspondence which links the classical Virasoro blocks to the SU(2) twisted superpotentials and then to spectra of some Schrödinger operators (see Fig.1 ). Indeed, let us note that 2-particle QIS are nothing but the quantum-mechanical systems. 2 For SU(N) generalization of this result, see [7] . 3 Precisely, the canonical form of the Mathieu equation is ψ 2 pxq``λ´2h 2 cos 2x˘ψpxq " 0 . Hence, comparing it to eq. (1) one gets
. Figure 1 . The triple correspondence in the case of the Virasoro classical conformal blocks links the latter to SU(2) instanton twisted superpotentials which describe the spectra of some quantum-mechanical systems. The Bethe/gauge correspondence on the r.h.s. connects the SU(N) N " 2 SYM theories with the N-particle quantum integrable systems. An extension of the above triple relation to the case N ą 2 needs to consider on the l.h.s. the classical limit of the W N symmetry conformal blocks according to the known extension [13] of the AGT conjecture.
Motivated by the aforementioned correspondences, we have studied in [10, 14, 15, 16] examples of a direct link between 'classical' 2d CFT (i.e., the classical, large central charge limit of the BPZ equations [17] obeyed by certain degenerate conformal blocks) and the corresponding quantummechanical models (= certain stationary Schrödinger equations), cf. Fig.1 . In sections 2 and 3 of the present article we review main results of these investigations. In conclusions we explain our motivations and present some open problems for further studies.
In the rest of the introduction, in order to spell out our results, we remind a definition and some properties of quantum and classical conformal blocks. To begin with, let us recall that basic ingredients of any CFT model defined on Riemann surface C g,n are the correlation functions of the primary fields [17, 18] . Thanks to conformal symmetry any correlation function of the primary and descendants fields can be derived once the conformal blocks and structure constants are known. The conformal blocks are model independent CFT 'special functions' defined entirely within a representation theoretic framework.
Indeed, let V n c,∆ denotes the vector space generated by all vectors of the form:
where I " pk 1 ě . . . ě k pIq ě 1q is a partition of n, 5 L n 's are the Virasoro generators obeying
and | ∆ y is the highest weight state with the following property:
The representation of the Virasoro algebra on the space:
defined by the relations (3), (4) is called the Verma module with the central charge c and the highest weight ∆. It is clear that dim V pnq c,∆ " ppnq, where ppnq is the number of partitions of n (with the convention pp0q " 1). On V pnq c,∆ exists symmetric bilinear form x¨|¨y uniquely defined by the relations x ∆ | ∆ y " 1 and pL n q : " L´n.
Let | 0 y denotes the vacuum state, i.e., the highest weight state in the vacuum module with the highest weight ∆ " 0. The conformal blocks on the Riemann sphere are defined as the matrix elements x 0 |V ∆n pz n q . . . V ∆ 1 pz 1 q| 0 y sphere of compositions of the primary chiral vertex operators (CVO's):
acting between the Verma modules. The conformal blocks on the torus are traced cylinder matrix elements of 2d Euclidean 'space-time' translation operators and CVO's insertions, i.e., 'chiral partition functions'. The conformal blocks on the higher genus Riemann surfaces can be constructed by making use of the so-called sewing or gluing procedure. By inserting projection operators 6 P∆ p on the intermediate conformal weights∆ p , p " 1, . . . , 3g´3`n into the internal channels of the conformal blocks one gets the latter in terms of the formal power series. In the simplest cases, namely, for the 4-point block on the sphere and the 1-point block on the torus the coefficients of the power series are implicitly defined via recursive relations. Up to now these coefficient are not been computed in closed form in the general case.
Taking into account a number of recent applications one of central issues concerning the conformal blocks is the existence of their classical limit. 7 This is the limit in which all parameters of the conformal blocks tend to infinity in such a way that their ratios are fixed:
. . , n, p " 1, . . . , 3g´3`n. For the standard parametrization of the central charge c " 1`6Q 2 , where Q " b`1 b and for 'heavy' weights p∆ p , ∆ i q "
We will use the notation I $ n. 6 P∆ p are identity operators in V c,∆p built out of the basis vectors (2) and their duals. 7 For a list of some applications, see introduction in [16] .
the classical limit corresponds to b Ñ 0. There exist many convincing arguments, but there is no proof, that in the classical limit the conformal blocks exponentiate to the functions fδ p pδ i , Zq known as the classical conformal blocks [12, 19] , e.g.:
The conformal blocks may also include the 'light' conformal weights ∆ light which are defined by the property lim bÑ0 b 2 ∆ light " 0. It is known, but not proven in general, that light insertions have no influence to the classical limit, i.e., do not contribute to the classical blocks:
Due to the discovery of the AGT correspondence a considerable progress in the theory of conformal blocks has been recently achieved. In particular, Gaiotto analyzing an extension of the AGT conjecture to the class of the so-called 'non-conformal' N " 2, SU(2) super Yang-Mills theories has postulated the existence of the irregular conformal blocks [20] . These new types of the conformal blocks were introduced in Gaiotto's work [20] as products of some new states belonging to the Hilbert space of 2d CFT. The novel irregular Gaiotto states are kind of coherent vectors for some Virasoro generators. It is also known that irregular blocks can be obtained from standard (regular) conformal blocks in properly defined decoupling limits of the external conformal weights, cf. [21, 22] . Furthermore, the Gaiotto vectors can be understood as a result of suitable defined collision limit of locations of vertex operators in their operator product expansion, cf. [23] . Interestingly, also the classical limit makes sense in the case of the irregular blocks. This claim first time has clearly appeared in [10] as a result of the non-conformal AGT relations and observations made in [6] .
2. Classical limit of irregular blocks and Hill's-type equations 2.1. Hermitian spectral problems As mentioned above some 1-dimensional stationary Schrödinger equations can be obtained entirely within the framework of 2d CFT as the classical limit of the null vector decoupling (NVD) equations obeyed by certain degenerate conformal blocks. 8 This procedure yields equations some of which are well known in mathematics and physics. For instance, the celebrated Mathieu and Whittaker-Hill equations, and some of their solutions have realizations in 2d CFT.
Let |∆, Λ 2 y denotes a 'pure gauge' or rank 1 2 irregular vector defined by the eqs.:
One can find that the representation of |∆, Λ 2 y in terms of the basis vectors (2) in V c,∆ reads as follows:
where pG c,∆ q IJ is the inverse of the Gram matrix (or Shapovalov matrix) pG c,∆ q IJ " x∆|L I L´J |∆y.
The product x ∆, Λ 2 | ∆, Λ 2 y of pure gauge irregular vectors yields the N f " 0 irregular block:
The N f " 0 irregular block in the case of the heavy conformal weight ∆ " b´2δ and for 2 { 1 " b 2 exponentiates in the classical limit b Ñ 0 to the classical N f " 0 irregular block:
The coefficients f pnq δ above can be computed order by order from the semi-classical asymptotic and the expansion (6), e.g.:
5876δ 5´1 6489δ 4´2 2272δ 3`1 7955δ 2`9 045δ´4050 512δ 7 pδ`2qp4δ`3q 3 p4δ`15q , . . . .
Let
(i) ν denotes the Floquet characteristic exponent defined by the property ψpx`πq " exppiπνqψpxq of the Floquet solution to the Mathieu equation:
(ii)∆ and ∆ 1 denote the heavy conformal weights related by the fusion rule:
where ∆pσq "
2 ;
(iii) V`pzq denotes the degenerate primary chiral vertex operator with the light degenerate conformal weight:
The non-integer order (ν R Z) Floquet solution of the Mathieu equation (7) is [10, 14] :
where
, h "˘2Λ
The index I labels first independent solution and means that the fusion rule (I) is assumed. The corresponding Mathieu eigenvalue λ is determined by the N f " 0 classical irregular block:
. .`4ˆν
2 and ξ " ν{2. The above result one gets by considering the classical limit of the NVD equation obeyed by the N f " 0 degenerate 3-point irregular block x ∆ 1 , Λ 2 |V`pzq|∆, Λ 2 y. A key point in a derivation is the semi-classical asymptotical behavior of the type (5), which in the case under consideration takes the form:
κ " ∆ 1´∆`´∆ . Let us stress that the matrix element x ∆ 1 , Λ 2 |V`pzq|∆, Λ 2 y obeys the NVD equation provided that the fusion rules: (I) or
re assumed. The second possibility determines the second linearly independent solution ψ II pxq, which can be obtained from ψ I pxq by the substitution ν Ñ´ν.
Analogous result holds for the Whittaker-Hill equation [15] :
Here new objects enter the game, i.e.:
‚ the rank 1 irregular state | ∆, Λ, m y defined by
Indeed, if we assume the fusion rules (I) or (II) then the equation (8) is derived in the classical limit b Ñ 0 from the NVD equation obeyed by the 3-point degenerate irregular block,
The spectrum λ 2 ξ in eq. (8) is given in terms of the N f " 2 classical irregular block f 2 δ p¨,¨,¨q, i.e.:
where in the equation above The corresponding non-integer order linearly independent solutions pψ 2 I , ψ 2 II q are determined by the fusion rules (I), (II), and are computable in the same way as in the case of the Mathieu equation.
2.2. Non-Hermitian PT-symmetric spectral problems with real eigenvalues It turns out that analyzing the classical limit of the NVD equations obeyed by the 3-point degenerate irregular blocks one can get certain solutions to the eigenvalue problems
with new complex periodic PT-symmetric 9 potentials, Qpxq " Qp´xq, which yield real spectra λ. The simplest example of such novel class of non-Hermitian and solvable potentials reads as follows:
In section 2 we have reported about the weak coupling non-integer order solutions, i.e., the solutions which make sense for small couplings h, µ and ν R Z. Therefore, two interesting questions emerge at this point: (i) how to derive the solutions in the other regions of the spectra, for instance, for large couplings; 11 (ii) how to extract from the irregular blocks the solutions with integer values of the Floquet parameter ν? We suspect that the answer to the second question hides in the study of the degenerate intermediate conformal weight limit of the solutions we have obtained. Our idea of how to tackle the first problem is based on the bootstrap technics. We believe, that the relations connecting weak and strong coupling eigenvalue expansions for Mathieu, Whittaker-Hill and periodic PT-symmetric operators are encoded in the classical and decoupling limits of braiding relation [33] for the 4-point spherical block. Interestingly, this idea is not hopelessly technically difficult to verify in the case when one of the external weights is heavy and degenerate. 12 Finally, using the results quoted in section 3 we plan to find 2d CFT realizations of the equations closely related to the Heun equation, i.e., the Schrödinger equations with the so-called Treibich-Verdier, Pöschl-Teller and Lamé potentials. The latter have also an interesting link with the KdV equation, according to the inverse scattering method. These investigations should shed some new light on (i) the long-known duality between the torus and sphere correlation functions of Liouville theory, and on (ii) the connection problem for the Heun equation and its application in black hole physics.
